IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Note on the representations of SU(n) and SU(n,1) connected with harmonic oscillator

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1973 J. Phys. A: Math. Nucl. Gen. 6 1110
(http://iopscience.iop.org/0301-0015/6/8/006)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.87
The article was downloaded on 02/06/2010 at 04:48

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0301-0015/6/8
http://iopscience.iop.org/0301-0015
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math., Nucl. Gen., Vol. 6, August 1973. Printed in Great Britain. ©® 1973

Note on the representation of SU(n) and SU(n, 1) connected
with the harmonic oscillator

G M King

Department of Operational Research, University of Lancaster, Bailrigg, Lancaster, UK

Received 23 January 1973

Abstract. One of the well known relations between SU(n) and the n dimensional isotropic
harmonic oscillator is examined and extended to show exactly which representations of
SU(n) can occur on the degeneracy spaces. The method is further extended to show which
representations of SU(n, 1) can be generated by the oscillator problem.

1. Introduction

The relations between SU(n) and the n dimensional oscillator have been studied by
many authors, such as Baker (1956), Demkov (1959), Jauch and Hill (1940), Dulock
and Maclntosh (1965). Some present one or other of these relations as a proof that
SU(n) is the symmetry group of the harmonic oscillator. But this leads to difficulties
when considering the degeneracies of the anisotropic oscillator with rationally related
frequencies and so the purpose of this paper is to examine one of these proofs in more
detail than usual.

2. Representations generated by the harmonic oscillator

The argument in question depends on a connection between the creation and annihila-
tion operators and the Lie algebra of SU(n). The hamiltonian H of the n dimensional
isotropic harmonic oscillator is written as

H = i ata, (1)

j=1

where
la;, af] = 04 (2)

Then it is noted that there are certain combinations of the a; and a} which commute
with the hamiltonian and which have the same commutation relations as the infinite-
simal generators of SU(n). However, the result is more general than this, for consider
all the operators of the form a¥a, wherej, k = 1,...,n.

Let E;, be the nx n matrix with 1 in the (j, k) position and zero everywhere else,
then, using (2) it is easy to show that each a}a, commutes with the hamiltonian H defined
in (1) and that the a¥q, satisfy the same commutation relations as the E;,. Asthe E;,
are a basis of the Lie algebra gl(n) derived from the group GL(n, C), this shows that each
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degeneracy space of H carries a representation of gl(n). It can also be shown that the
a¥a, permute the eigenvectors of H, and so the representations of gl(n) are irreducible.
Further, these representations can be exponentiated to give finite, analytic, irreducible
representations of GL(n, C) on each degeneracy space of H. However, such representa-
tions are not necessarily unitary.

In fact, as the infinitesimal generators a}q, of these representations are not anti-
symmetric, the representations cannot be unitary.

As U(n)is a subgroup of GL(n, C), each degeneracy space of H carries a representation
of U(n). The infinitesimal generators of these representations are represented by anti-
symmetric combinations of the a¥a,, so that the representations of U(n) must be unitary.
A further restriction cannot affect the unitarity and these representations of GL(n, C)
remain irreducible when restricted to SU(n). Thus it can be concluded that each degene-
racy space of H carries an irreducible unitary representation of SU(n).

3. Representation of SU(n)

Although not essential, the final restriction to SU(n) is useful because the theory of
Casimir operators can now be used to calculate which irreducible representations of
SU(n) are realized on the degeneracy spaces by the method just outlined. The appropriate
Casimir operators are the C(n, d).

Cn,dy= > X{X*. XX (3)
where each summand is the product of d operators Xj and the sum is taken over all
possible j, k..., m.

For the representations of SU(n) under consideration, X{ is represented by a%a,.
Thus, in this realization, each summand in (3) is represented by a¥(aaf ... a,a}) . q;
and so

C(n, d) = Za*

-1
Z a, ) a;.
Using (1) and (2) it can be shown that
Yaar=H+n
and that
(H+n)a; = a(H+n-1).

Hence, in this realization,
Z ata H+n—1)" V= HH+n—1)"1, 4

which means that C(n, d) takes a fixed value on each degeneracy space of H. Indeed,
if the value of H on one of its degeneracy spaces is E, then C(n,d) takes the value
E(E+n—1)""" on this space.

But the values of C(n, d) on each irreducible unitary representation of SU(n) have
been calculated by Perelomov and Popov (1968). Let m = (m,,...,m,), m;_, = m;, be
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the highest weight specifying an irreducible representation of SU(n), and C(n, d)(m)
the value of C(n, d) on that representation, then they show that

+ 1)z
— 5
-4z )} ©
where 4, = m;+n—j.

Suppose m characterizes a representation realized on the degeneracy space of H,
on which H takes the value E, then (4) can be used to evaluate (5). In fact, remembering
that C(n, 0)(m) = n, and substituting the other values from (4) the left-hand side can be
summed to give n+ Ez{1—z(E+n— 1)}~ ! and (5) can be simplified to give the expression

K

Cn, d)(m)z* = z‘l{l—-

d=0

( ﬁ (1—).jz)){1—(E+n)z} M—(n—1)z} = {1—(E+n—1)z}( ﬁ {1—z(4;+D}|.  (6)

ji=1
Comparing the coefficients of z"*2 on either side of (6) and remembering that
E >0, n > 2, it is clear that for some j,4; = 0. Now the left-hand side of (6) is zero
when z = (E+n)™%, (n—1)"" or A7 '(4; # 0), whereas the right-hand side is zero when
z=(E+n—1)""!or (ij-&-l)‘l, provided (4,+1) # 0. As these two sets of zeros must
be identical, there must be a value of k such that 4, = 1 for every value of j such that

4; = 0. Proceeding in this way it can be shown that 4,,..., 4, is some permutation of
0,1,...,n—2,(E+n—1). Using the relations between 4;, m; and m;_,, this implies that
m = (E,0,0,...,0) which characterizes a representation belonging to the set of com-

pletely symmetric irreducible representations of SU(n).

Thus it has been shown that each degeneracy space of the hamiltonian of the
isotropic harmonic oscillator carries a representation of GL(n, C) generated by the
commutation relations. When restricted to SU(n) this irreducible representation
is unitary and is the completely symmetric representation with highest weight
m=(E0,0,...,0).

4. Representation of SU(n, 1)

There is also an interesting connection between SU(n, 1) and the n dimensional harmonic
oscillator, which can be demonstrated using the same sort of reasoning.

Take H, a; and af as defined in (1) and (2), and consider the (n+1)? operators,
ara, i\/ﬁak, ia¥,/H, — H where j and k take the values 1ton. As H commutes with each
afay, so does \/ H and hence the commutation relations between these operators can
be calculated. It turns out that these are the same as the commutation relations between
the matrices E; ;5 E, . 45 Ejn415 Ey41,0+1, and s0 the operators define a representation
of the Lie algebra gl(n+1). However, this is not a faithful representation of gi(n+1)
and must be restricted to sl{n+ 1) if there is to be a 1-1 correspondence. If it is further
restricted to the subalgebra su(n, 1) of sl(n + 1) then all the operators are skew-symmetric.
Thus this restricted representation can be exponentiated to give a faithful unitary
representation of SU(n, 1) realized on the same space as the oscillator problem.

From the previous discussion it is clear that when this representation is restricted to
SU(n) it will decompose into the totally symmetric representations of SU(n) and will
leave the degeneracy spaces of H invariant.
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Again the Casimir operators, C(n+ 1, d) can be used to show which representations
of SU(n, 1) can be realized like this. In this case the C(n+ 1, d) can be calculated by
splitting them into several parts, depending on how many terms like X7*' occur at
either end of the summand. Let

A=Y XiX* . .XT j#n+l
J.k,m
rterms 1+sterms
Br,s=ZX::}X;H--~X::"+1X:H j.m#n+l.
jim
Now X"!{]{ = —H and both H and ./H commute with all the other terms which can

occur so thatif I = r+s < d—2, then B, ; = (— H)'B, where
d—(I+ 1)terms
n —_————
B,= 3 a.[X*... X].at
jk=1
For each ! there are [ possible pairs (r, s) and so
d-2
Cin+1,d)=A+ Y W—H)B+(d—1)H+n(—-H' *+(-HY. (7)
1=1
Both 4 and B, can be calculated by observing what happens when combinations of
Xp11. X7 and X7, | occur in a summand and then seeing how often this can happen.
Adding together all the summands which have exactly p pairs of indices equal to n+ 1,
A can be split up into terms like C(n, d—p)(1— H)” multiplied by (*,!). Using (4) these
terms can be summed to show that

A= Hn'"%
Similarly it can be shown that
Bl — (n+H)2nd_’_2.

Putting the values of 4 and B, in the right-hand side of (7) and adding all the terms
together, it turns out that C(n+ 1, d) is identically equal to zero for all integer values of
d in the range 1 to n+ 1.

Thus the n dimensional isotropic oscillator generates a faithful unitary representa-
tion of SU{n, 1) which is realized on the same space as the hamiltonian and whose
Casimir operators are all zero. When this representation is restricted to SU(n) it decom-
poses into the completely symmetric representations, which leave the degeneracy spaces
of the hamiltonian invariant.

5. Conclusions

It has been shown that the representations of SU(n) connected with the isotropic har-
monic oscillator are the restrictions of representations of GL(n, C) also connected with
the oscillator. The restriction to SU(n) means that the representations involved can be
uniquely specified by evaluating the Casimir operators. Furthermore, there is a faithful
representation of SU(n, 1) connected with the isotropic oscillator and for this all the
Casimir operators take the value zero.
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